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Boundary conditions for massive fermions are investigated in AdS<j for d > 2. For fermion masses 
in the range < \m\ < 1/21 with I the AdS length, the standard notion of normalizeability allows 
a choice of boundary conditions. As in the case of scalars at or slightly above the Breitenlohner- 
Freedman (BF) bound, such boundary conditions correspond to multi-trace deformations of any 
CFT dual. By constructing appropriate boundary superfields, for d = 3, 4, 5 we identify joint 
scalar/fermion boundary conditions which preserve either Af = 1 supersymmetry or Af = 1 super- 
conformal symmetry on the boundary. In particular, we identify boundary conditions corresponding 
via AdS / CFT (at large N) to a 595-parameter family of double-trace marginal deformations of the 
low-energy theory of TV M2-branes which preserve Af = 1 superconformal symmetry. We also estab- 
lish that (at large N and large 't Hooft coupling A) there are no marginal or relevant multi-trace 
deformations of 3+1 Af — 4 super Yang-Mills which preserve even Af = 1 supersymmetry. 
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I. INTRODUCTION 

A central aspect of the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [US Q is that gauge- 
invariant deformations of the CFT Lagrangian correspond to modifications of the AdS boundary conditions. The 
requirement of gauge invariance can be implemented by constructing operators that transform in the adjoint repre- 
sentation of the gauge group and taking a trace. In this way, these deformations can be classified by the number of 
traces. Single-trace deformations, which in the CFT correspond to the addition of simple sources, correspond 0,0] to 
fixing one of the Fefferman-Graham type coefficients [j| that control the fall-off of bulk fields at infinity. In contrast, 
multi-trace deformations correspond to imposing relations between two or more such coefficients [6]. 

Of course, one should choose boundary conditions that lead to a well-defined bulk theory. In particular, they should 
be compatible with the bulk inner product, ensuring that it is both finite and conserved. As observed in 0, 0|i f° r 
tachyonic scalars near the Breitenlohner-Freedman bound, the standard scalar inner product is in fact compatible 
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d 


Fcrmion Field Content 


# of Real Scalars 


# of Real Supercharges 


3 


2 Majorana 


2 


2 


4 


1 Majorana 


2 


4 


5 


1 Dirac 


4 


8 



TABLE I: Scalar supermultiplet content. Note that in d — 5, a complex Dirac spinor can be equivalently represented by a 
pair of symplectic Majorana spinors. 



with a variety of boundary conditions; see_0, H, E3| for comments on the vector and tensor cases. It is also possible 
to consider more general inner products [lfj (and see comments in [9(), though at the risk of sacrificing positivity and 
introducing ghosts. We shall therefore restrict attention to the standard inner products below 1 . 

Our goal here is to understand supersymmetric multi-trace boundary conditions for bulk scalar supermultiplets, 
generalizing certain results of 111 for massless multiplets in AdS4. Supersymmetric single-trace boundary conditions 
in AdS4 were analyzed in 0, [H . Il3| (see also [3| for the corresponding analysis in AdS2 ) . Some AdS / CFT applications 
of multi-trace boundary conditions were given in , [l6[ . Supersymmetric boundary conditions at finite boundaries 
were studied in [l7l ]. 

We begin our study by investigating multi-trace boundary conditions for Dirac fermions of general mass m propa- 
gating on a fixed AdS^ background with d > 2. See Q for some discussion of fermion boundary conditions in d = 4 
and e.g., [3, [ijj [2(| for treatments of single- trace boundary conditions for fermions in the context of AdS/CFT. 
Our fermions are free aside from possible non-linear boundary conditions. Wc find unique boundary conditions for 
\ m \ > hi but a wide class of boundary conditions for \m\ < ~. One should be able to include bulk interactions using 
the techniques of either [2l[ or [0, H2J, and based on the results of those works for scalars, one would not expect this 
to change the allowed boundary conditions 2 . 

We then specialize to the cases d — 3, 4, 5 to study supersymmetry. We study allowed boundary conditions for 
systems of scalars and spin- 1/2 fermions as specified in Table HI For d — 4,5 these systems admit Af = 1 bulk 
supersymmetry, while our d — 3 system admits Af = (1,0) supersymmetry 3 . As in [11| . constructing appropriate 
boundary superfields from the Fefferman- Graham coefficients of bulk fields will allow us to identify boundary conditions 
preserving either the full supersymmetry (i.e., superconformal symmetry on the boundary) or a certain subalgebra 
(naturally called boundary Poincare supersymmetry) containing half of the original supercharges. With our field 
content, non-trivial boundary conditions preserving boundary Poincare supersymmetry are generally allowed for 
fermion mass \m\ < i, though choices preserving superconformal invariance (and which correspond to an integer 
number of traces in a dual field theory) arise only for special values of m. As in (Tl| . we find that supersymmetric 
boundary conditions always relate two distinct bulk scalar fields. As a result, the multi-trace boundary conditions 
allowed for a single scalar (and used in so-called designer gravity theories [23] ) admit no supersymmetric generalization. 

The plan of this paper is as follows. After stating our conventions in section ITAl we describe the allowed boundary 
conditions in section [ill Here we relegate technical details to the appendices: appendix [A] reviews solutions of the 
AdSd Dirac equation following [24|, and appendix [B] analyzes the convergence of the inner product. We then classify 
boundary conditions preserving supersymmetry as stated above for AdS4 (section UTT|) . AdSs (section |IV|, and AdS3 
(section [Vj) . We close with some discussion in section IVI1 including comments on supersymmetric deformations of 
M2-brane theories [HHl] and 3+ 1 N = 4 su P er Yang-Mills. 



1 Strictly speaking, in the context of non-linear theories one should speak of the symplectic structure instead of the inner product. Since 
the symplectic structure is simply an (indefinite) inner product on the space of linearized fields, we will take this to be implied by our 
use of the term "inner product" without further comment. 

2 However, in special cases interactions do give rise to new logarithms which may break a conformal invariance that appears to be preserved 
in the linearized approximation. 

3 In fact, for d = 3 our field content is that of an Af = (2, 0) supermultiplet, though we will only find non-trivial boundary conditions 
which preserve J\f = (1,0). 
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A. Conventions 

It is convenient to discuss boundary conditions using the conformal compactification of AdS spacetime. One may 
describe this compactification by starting with the global AdS metric 



dr 2 



ds 2 = -{l + r 2 )dt 2 + - r —^+r 2 dn 2 d _ 2 . (1.1) 



Here dSl 2 d _ 2 is the line element of the unit sphere S d 2 and we have set the AdS length I to one. Introducing the 
coordinate ft via r = SI -1 — 0/4, one defines an unphysical metric g a b = Q 2 g a b which satisfies 

cb 2 = dtt 2 - + dt2 + i^ 2 ) dn d-z ■ ( L2 ) 

The unphysical spacetime is thus a manifold with boundary I = Ix S d ~ 2 at £1 = 0. 

In this spacetime, n a = V a fl coincides with the unit normal to the boundary, where V a is the torsion-free covariant 
derivative compatible with g a b- It is also useful to define the orthogonal projector h a b — gab — n a nb, which at £1 = 
becomes the induced metric on the boundary 

h ab dx a dx b \ x = -dt 2 + dQ 2 d _ 2 ; (1.3) 

i.e., the Einstein static universe. Indices on all tensor fields with a tilde are raised and lowered with the unphysical 
metric g a b and its inverse g ab . 

Our conventions for treating spinors are as follows. Spacetime indices are denoted by a, b, . . ., while indices on a flat 
internal space are denoted by a, b, . . . = 0, 1, 2, . . .. In d spacetime dimensions, the Dirac spinor representation is 2[ d / 2 l 
dimensional, where [x] is the integer part of x. The flat-space gamma matrices are 2^- d / 2 ^ x ^ d l 2 ^ matrices satisfying 

{j a , Th } = 2 %i , (1.4) 

where ?7 a g is the metric of Minkowski space with signature ( — !-+•••)■ We also note that (7°)^ = — 7 and (7*^ = 7 fe , 
with k = 1,2,.... For a given spacetime metric g a b, we can define an orthonormal frame {e a a } which satisfies 
e a a eb bVab = S ab - The curved space gamma matrices are then given by -f a — e a a 7a and satisfy 7( a 7&) = g a b- Below, we 
take our covariant derivative V a to act on spinors as 

V a ip = d a ^j + T a iP where r a = ^ w a ae 7 [a 7e] and - de h = u h & A e £ . (1.5) 

Here F a is the spin connection and ui a ac are the rotation coefficients. We assume that all spinors are anticommuting, 
and define the Dirac conjugate of a spinor ip to be V = V^7°- Tildes will denote quantities defined analogously in 
terms of g ab ; e.g., 7 (a 7 fc) = g ab . 

II. BOUNDARY CONDITIONS FOR SCALARS AND FERMIONS 

Let us consider free theories of scalars and Dirac fermions propagating on a fixed AdSd background. For a set of 
scalars <pi of masses and Dirac fermions ipj of masses , the Lagrangian is 



(2.1) 



We wish to identify boundary conditions for which the standard inner product is both finite and conserved on the 
space of linearized solutions. These conditions suffice to yield a well-defined phase space. In particular, they imply 
that charges corresponding to the AdS isometrics are well-defined and conserved. They also ensure that the linearized 
quantum theory evolves unitarily. 

Since we consider only linear fields and use the standard inner product, we may identify normalizeable modes 
separately for each field. We first briefly recall the results for scalar fields using the Klein-Gordon inner product. 

Denoting the Breitenlohner-Freedman bound by m 2 BF = —^—p—, one finds two cases. For > m 2 BF + 1, there is a 
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unique complete set of normalizeable modes, and any other (non-normalizeable) modes must be fixed by the boundary 
conditions. 

In contrast, much more general boundary conditions are allowed for rr& i < m 2 BF + 1, though the case wr& 1 < m 2 BF 
is usually ignored due to instabilities. The boundary conditions are most simply expressed in terms of a Fefferman- 
Graham-type expansion [5| of (pi. For m% ^ m BF we have 



d-l±J(d-l)*+4ml i 
(pi = aiQ '~ + /3/fl ,+ + . . . , where A/,± = s - . (2.2) 

Here ai, fli are independent of f2, but can depend on time and angles on the sphere. For m? = m BF , the roots (|2.2[) 
are degenerate and the solution becomes 

(pi =a I fl x \ogn + f3 I n x + ... where A = (d - l)/2. (2.3) 

We refer to a/, /3j as the boundary fields corresponding to the bulk field <pi. 

Normalizeability places no restriction on the boundary fields, but we must still impose conservation. Considering 
two linearized solutions b\p,(pi and the corresponding Si^otijSi^Pi, a short calculation shows that the flux through 
the boundary is 

= X) / ( A/ >+ - A '-) (^^^aj - Wihcti) d d - x S , (2.4) 

where d d ~ 1 S is the integration element on T. This flux vanishes precisely when the boundary conditions restrict 
oti, Pi to a "Lagrange submanifold" in the space of possible (a/,/3/). Such boundary conditions can often be (locally) 
specified by choosing a function W(ai, x) and requiring 

dW 

{Xl,+ -Xi,-)Pi(x) = —, (2.5) 

where here x € T. For theories with a dual CFT, this boundary condition corresponds to adding a multi-trace term 
W(Oi, x) to the field theory Lagrangian, where Oi is the operator dual to (pi for W = boundary conditions. Certain 
exceptional cases that will arise in later sections can be constructed as limits of (|2.5|) . but for our purposes may be 
better described by choosing a W that depends on both a's and /3's. As an example, with I = 1, 2 we might choose 
W = W{a\,fa) and take 

dW dW 
(A 2 .+ -A 2 ,_)a 2 = -— , (A lt+ -Ai,-)A = ^. (2.6) 

Such boundary conditions again correspond to adding W to the dual CFT Lagrangian of the W = theory. 

The corresponding analysis for Dirac fermions (with the standard inner product) is performed in appendix [51 
We make heavy use of [24| , which solves the massive Dirac equation in AdS^ (see appendix [A] for a review) . For 
I'Ttyfl ^ 1/2, there is a unique complete set of normalizeable modes. Any other non-normalizeable modes must be 
fixed by the boundary condition. In contrast, much more general boundary conditions are allowed for \m^ t \ < 1/2. 

For this latter case it is again convenient to introduce boundary fields. In appendix [Bl we derive the asymptotic 
expansion 

il> t = a ^n ±iL ~ m *i +0fn i r +m +i + a 'in^- m ^i + i 3'|o^ i+m */ +o(fr* 3-|m */ 1 ). (2.7) 

Here , are again boundary fields depending only on time and angles on the S d ~~ 2 . For later convenience we have 
included certain sub-leading terms whose coefficients a'p/3| are determined by a^,0^. The coefficients satisfy 

P+4=0, P_4=4, ct* = - l _\ rrH> h ab %V b af, (2.8) 



4 Including gravitational backreaction would modify this expansion |2ll |22H if 4A- < (c! — 1), which can only be satisfied for d < 4. To 
include backreaction while avoiding this regime, one would have to restrict the range of , though this is most likely only a technical 
complication 21, 22]. In any case, we ignore such backreaction here and consider propagation on a fixed spacetime. 

5 We assume throughout this work that W does not involve derivatives of fields along the boundary (see [loL |27| | for subtleties that arise 
when W involves time derivatives). 
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P-PJ = , P+0* = /3j, /3'J = 1 - ^ ^ fc 7aV & ^ , (2.9) 

where we have defined the radial projectors P± = | (1 ± n a 7 a )- Note that when < 0, the 0t term in (|2.7p is 
actually the leading term in the asymptotic expansion. 

It remains to impose conservation. Inserting the asymptotic expansion (|2. T[) into the fermion inner product (see 
appendix [Bj and using (|2.8p , (|2.9p , we find the fermionic contribution to the flux through the boundary 



i 



[(S 1 ap 2 (3f - Stflfhtf) - d^S. (2.10) 



Recall, however, that we are interested in theories of the form (|2.ip which contain both scalars and fermions. In the 
pure scalar case, it was not necessary for the flux to vanish separately for each scalar field. Instead, only the total flux 
was required to vanish. Similarly, when both scalars and fermions are present, it is only the total flux T = J 7 ^ + T^' 
involving both types of fields that must vanish. This occurs when the boundary conditions restrict the fields to what 
one may call a "Lagrange submanifold" in the space of all (a/, Pi,a^ , /?j). Again, this is often locally equivalent to 

choosing a real function W(ai, cv~, oi~ ,x) and defining 

dW , dW 



(A Ji+ - \i,-)fo{x) = -j— , -0]{x) = -= . (2.11) 
oa i da~ 



i 

In other situations, one may wish to choose W to depend on a's and /3's in analogy with the scalar case. In each 
instance, this corresponds to deforming the W = dual CFT by adding W to its action. For simplicity, we now 
assume that all scalars satisfy m? < m BF + 1 and all fermions satisfy \m^ t \ < 1/2. 

As a brief example, consider a theory with one Dirac fermion and no scalars and suppose that we desire a linear 
boundary condition which respects local Lorentz-invariance and translation-invariance on the boundary. In even 
dimensions we must impose 

. d-2 

0* = iqjd+ia^ where ld+1 = !21 e «i-«- 7oi ... 7a<J = l i ^ 7 V • -V" 1 , (2-12) 
for some real q. Here jd+i is the analogue of 75 in d = 4 and satisfies 

{7d+i,7 a } = 0, 7j +1 =7rf+i, (7d+i) 2 = l- (2-13) 

The Breitenlohner-Freedman boundary conditions for d — A J] correspond to the particular choices q = or q = 00. 
Since jd+iP± = P^ld+i, the boundary condition (|2.12[) is consistent with (|2.8p . (|2.9p . In contrast, in odd dimensions, 
the matrix 7^+1 is proportional to the identity and commutes with P± so that (|2.12p implies — (3^ = 0. Thus, 
in odd dimensions this theory has no non-trivial linear boundary conditions with the desired properties. However, as 
shown below, there are more possibilities with a greater number of fermions. 

As a final comment we mention that, at least for linearized fields, the above analysis is equivalent to studying self- 
adjoint extensions of the spatial wave operator. Such an approach was applied to massive scalar fields and massless 
vector and tensor fields in Q. The authors showed that a simple 2-parameter family of wave operators sufficed to 
describe all of these fields (though there is some subtlety associated with the choice of inner product in the tensor case, 
see ficj). As is briefly mentioned in appendix [Bl this approach can also be used for our fermions, and the analysis 
again reduces to the wave operator studied in Comparison with Q explicitly shows that stability issues of the sort 
that would arise for scalars with < m 2 BF cannot occur for Dirac fermions with real mass m^. Indeed, the relevant 
inequality is (m^, ± i) 2 > 0. Thus, in some sense = ±4 is analogous to saturating the Breitenlohner-Freedman 
bound, even though the boundary conditions are unique for \m^\ > \. 



III. Af = 1 SUPERSYMMETRY IN d = 4 

Consider the AdS4 theory of a Majorana fermion %jj and two real scalars (A,B) with Lagrangian (|2.1[) . To match 
the usual normalization of the action for Majorana fermions we define ip = and work exclusively with this 

rescaled spinor. The fermion ip obeys the Majorana condition ip = V ;T C, where C is the charge conjugation matrix 
and satisfies 



ever 1 = -(7 a ) T , c T = c- 1 = c f = -c 



(3.1) 
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FIG. 1: 



The scalar masses rn? A ,m B (solid curves) are plotted against the fermion mass m. 



Dashed lines mark the window 



between m BF and m BF + 1. 



When the scalars masses (m^ms) and fermion mass (m) are related by 



m a — m 



m — 2, m 2 B — m 2 — m — 2 , 



the action is invariant [?. 28] under the Af = 1 supersymmetry transformations 

= ~7f [7 a V a (A + 275-B) + (m - 1)A + i(m + 1)75-8] 77 , 
where the supersymmetry-generating parameter 77 is a Killing spinor, i.e. 

0. 



V a + -7„ ) 77 



(3.2) 

(3.3) 
(3.4) 

(3.5) 



The case m = was studied in [111 ]; we closely follow their analysis and correct certain equations below. 

An important feature of supersymmetry in anti-de Sitter space (see e.g. [291 ]) is that fields in the same multiplet 
do not necessarily have the same mass, though the degeneracy is restored in the flat space limit £ _1 — > 0. The scalar 
masses are plotted in Fig. [T] Notable features of the relation ()3.2|1 are as follows: i ) massless fermions correspond to 
conformally coupled scalar fields, m\ — m 2 B — —2; ii) m 2 A B has a global minimum of —9/4 = m 2 BF at m = ^1/2, 
so the scalars always satisfy the Breitenlohner-Freedman bound; Hi) m 2 A B reaches the value m 2 BF + latm = ±l/2. 
Thus the range \m\ < 1/2, which we have seen allows general boundary conditions for fermions, typically matches the 
mass range that allows general boundary conditions for scalars. The one exception occurs for m = ±1/2 where one 
scalar saturates the BF bound and the other has squared mass m BF + 1. The analogous properties also hold for the 
AdSs, AdS3 cases studied in sections HVl and IVl We restrict attention to the case \m\ < 1/2 below. 

Solutions to the Killing spinor equation @, H3] have leading terms as f2 — > given by 



V = V+ 



-1/2 



1 



(3.6) 



where ?7± — P±U and U is a constant spinor. Using the asymptotic expansions of A,B,tf;,r] from (|2.2|) . (|2.7j)J3.6p in 
the supersymmetry transformations and matching terms order by order in Q gives the action of supersymmetry on 
our boundary fields: 



fir/® A 

St/Pa 



2V2 
1 

"71 
1 



1 + 2m ^2 



2^2 



V+ 75/?^ 



1 



1 



77 + 7 5 /i ah 7 a V 6 a^ 



1 - 2m y/2 



(3.7) 
(3.8) 
(3.9) 
(3.10) 
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S n a^ = -— j= (to - \)otAri- - i(l - 2to)7 5 /3b7/ + + h ab %V b aAri+ {'1.11) 



S v Pi, = -— ^ «(m + l)7 5 a B r7_ + (1 + 2m)/?A^+ - «75^ ab 7aV 6 a B ?7 + . (3-12) 

We now consider a 2-dimensional space of the 4 linearly independent Killing spinors r\ associated with some choice 
of Poincare coordinates for AdS: 



1 

z 

In general, the conformally rescaled Killing spinor equation is 



ds 2 = — (-dt 2 + dz 2 + dx\ + dx\) , z > 0. (3.13) 



(v a + r>- 1 7aJ P_)?7 = 0, (3.14) 

where fj = fi 1 / 2 ^. For the metric (|3.13p . we choose the conformal factor Q — z. Solutions to (|3.14p are then 
r\ = fi _1 / 2 e+, where e+ is a constant spinor satisfying P_e + = and P± = 1(1 ± j z ), with 7z a flat space gamma 
matrix. For this two-dimensional space of Killing spinors, the transformations (|3.7[) - (|3.12[) simplify somewhat, and 
anti-commutators of such transformations generate the manifest Poincare symmetries of p.!3[) . 

To further simplify the supersymmetry transformations, note that the 4-component bulk Majorana spinors 
a,/, ,/?,/,, £ + satisfy projection conditions defined by P±. As a result, they define real, 2-component spinors living 
on the boundary R 3 . To make this explicit, let the indices i,j run over t, xi,X2- Then the matrices F 7 = i 7 J 7g satisfy 
jp^pjj _ jjij ^ [r J ,P±] = 0, and so form a representation of the 3-dimcnsional Clifford algebra on the boundary. This 
is conveniently realized in terms of the real 2x2 matrices 7* = ia 2 ,j Xl — a 1 ,^ 2 — a 3 , where a denotes the Pauli 
matrices (|A10|) . Our two-component spinor conventions are as follows. Spinor indices are denoted by Greek letters 
k, A, . . . = 1,2. Spinor indices are raised and lowered with the antisymmetric tensors e KX ,e K \, which we define by 
e 12 = 1 = -e 21 ,e KX = -e K \ Then 

^ K = £ k Va , ^ K = e.xV (3.15) 

and the spinor product is 

xi> = x a V^a = ~x\^ x = -0 a xa = ipX • (3-16) 

In this standard notation, repeated spinor indices are summed over 1,2. Note that ( 7 *) kA = £ kA , so for real spinors 
ipX — ^ T 7*X — — 4>X- Also, the three-dimensional Majorana condition = t/j T C reduces exactly to the reality 
condition ip = ip* , where the three-dimensional charge conjugation matrix is C = 7*. Lastly, for Majorana spinors 
one has 

ipX = X^, 4>2 J X = -XJ J *P ■ (3-!7) 
Using these results, the Poincare supersymmetries defined by rj — f2 1 / 2 e + may be written 

S E a A = -^j=e+a^ (3.18) 

(l + 2m)6 e p A = —^e+^dj^ (3.19) 
v2 

S e aB = — 7= £+ Pip (3.20) 
v2 

(l-2m)6 e pB = --=£+^8^ (3.21) 
v2 



5 e a^ = — - [(1 - 2m)p B £+ - ^d jaA e + ] (3.22) 
v2 

Selfy = — -= [{l + 2m)p A e + +^d j a B e + \ , (3.23) 
v2 



where denotes the two-component boundary spinor defined by ij^a^,. 
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Under (|3.18[) - (|3.23[) . boundary fields mix only within each of the disjoint sets (a A , a^p, P B ), (as, Pip, Pa)- We may 
therefore construct useful boundary superfields from each set separately. To do so, introduce a real anti-commuting 
2-component spinor 9 X and define 

$>- = a A + 6aTp + -6d(l-2m)P B , and $ + = a B - OP^ - -00(1 + 2m)P A ■ (3.24) 

Taking 9 to have conformal dimension —1/2, we note that the superfield $± has a well-defined conformal dimension 
1 ± m. One may now check that ()3.18I) - (I3.23|) can be written as 



$± (3.25) 



and that S e acts in precisely the same way on 5 e Q±; i.e., the $± are indeed superfields and (|3.25p defines a covariant 
derivative on superspace. Finally, using the above relations and the two-component spinor identity (0VO(0x) = 
-i(00)^X, the total flux + can be written 

T = J d 3 S J d 2 9{5 l <S>-8 2 <5> + - <5i$+<5 2 $-) ■ (3.26) 
It is now clear that for any function W , the boundary condition 

conserves the inner product and is invariant under the Poincare supersymmctries. Such boundary conditions corre- 
spond to deformations of a dual CFT action by the addition of a term jjd 3 S j d 2 9W. 
In terms of component fields we have 

a A = W'(a B ) (3.28) 

{l-2m)p B = -{l + 2m)W"{a B )p A + \w'"{a B )P^ lb p< P (3.29) 

Oty = iW"(a B )-f 5 Pip . (3.30) 

For general W, these boundary conditions break the conformal (and thus superconformal) symmetry; however, for 
the special choice 

I — |— Til 2 

W(*+) = -^- ?(*+)— (3.31) 

the full 0(3, 2) symmetry is preserved and, as one can explicitly check, so is the full supersymmetry defined by 
(|3.7M3.12|) for the arbitrary Killing spinors rj. I.e., superconformal symmetry is preserved on the boundary. 
As a simple example, consider the linear boundary condition = q&+. In terms of the component fields this is 

a A = qa B , (1 - 2m)P B = -q(l + 2m)P A , ay, = iq^P^p • (3.32) 

The boundary conditions of Q correspond to q = or q = oo. Note that (|3.32[) and, more generally, (|3.28J) relate the 
two scalar fields to each other (a A to a B ), (Pa to p B ). Boundary conditions of the sort studied in e.g. [61I23T] which 
relate a a to Pa cannot be supersymmetrized to respect Poincare supersymmetry on the boundary. 



IV. N = 1 SUPERSYMMETRY IN d = 5 

For d = 5 we will consider a theory with four real scalars and a single Dirac spinor written as a symplectic Majorana 
pair. To set up the notation for symplectic spinors, we choose the five-dimensional gamma matrix representation 7 = 



-ih\ j / -ia k \ i= l-I 2 
-ih ) ' 7 W ) ' 7 [ I 2 



' 7 fe = ( , , ° ] , 7^ = ( ^ 2 " ) where fc = 1,2,3. We also define the charge conjugation 



matrix C = [ %<T °„ ) , which satisfies C^ 1 = = C T = -C and CyC" 1 = +{l a ) T • The sign difference 



icr 
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between this last relation and (|3.1[) means that one cannot consistently define Majorana spinors in d = 5. Instead, 
one can impose a modified or "symplectic" Majorana condition (see e.g. 3l|) 



i> =VjA Jl C, i,j = l,2 (4.1) 



where the Dirac conjugate is 



and A is the symplectic matrix 



fl>'=^ (4.2) 



A = ( ^ M , A 2 = -1, A r = -A. (4.3) 

The symplectic indices are raised and lowered by A, with the convention 

= tpjX^ = -^X ij , X ij = Xij . (4.4) 
With these definitions one can obtain the useful symplectic Majorana flip formulas 

Tx 3 = -XjkXilX% , Tl a Xo = -^k\ax k l a ^i ■ (4.5) 

Now, consider a Dirac spinor ip in d = 5. The fields tpi = tp ,tp2 = ~ 7 Ctyi form a symplectic Majorana pair 
satisfying (|4.ip . The equations of motion are 

7 a V Q ^i - m^i = , 7 a V Q 7/>2 + mV» 2 = , or 7 a V a V>i - mM^j = , (4.6) 
where M G USp(2) is given by 

«-(; -')■ 

In [32], the author considers theories with M a general element of USp(2), but for our purposes it will be sufficient 
to consider the simplest case when the fermion mass matrix is diagonal. This last equation of motion can also be 
obtained directly from the Lagrangian 

L = -\ (^VVaik - mMy^Vj) , (4.8) 

where the above reality condition relates tpi an d ifa- 

In five dimensions, a (complex) Dirac spinor has four degrees of freedom on-shell, and so via supersymmetry should 
correspond to four real scalars. Let us then consider a theory [33] of our standard form (|2.ip where I — 1, . . .4. We 
take just one Dirac fermion, which we think of as being described by the symplectic Lagrangian (|4.8p (note the extra 
overall minus sign relative to (|2.ip inserted to match certain conventions of [32|]). If the masses are related by 

o o o 15 2 2 2 15 , . , 

m 1 = m 2 = rn + m — , m 3 = m 4 = m — m — , (4-9) 

the action is invariant under the J\f = 1 supersymmetry transformations 

S^ 1 = -i(a J X^fj^j (4.10) 
S^i = (*o J ) ji 'fV a <tt I Vj + (3/2 (a'fXM + mMA(<7 J )% r)^ 1 . (4.11) 

Here a 1 = (<?, 1I2) and rji is a symplectic Majorana Killing spinor [32j satisfying 

1 

V,ffc + -laMitfj = . (4.12) 

As in the four-dimensional case, massless fermions correspond to conformally coupled scalar fields, mj = —15/4, and 
the scalars always satisfy the BF bound, vn\ > m 2 BF = —4. For I = 1,2 (I = 3,4), the BF bound is saturated at 
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to = — 1/2 (to = 1/2), and the scalar mass m 2 BF + 1 is reached at m = 1/2 (m = — 1/2). As usual, we consider only 
the range — 1/2 < m < 1/2 below. 

We again take the fermions ^ to have the asymptotic form (|2.7|) . For i = 1, the expansion coefficients satisfy the 
relations (|2.8p , (|2.9[) . For i — 2 however, these relations are slightly modified due to the opposite sign of the mass 
term in the Dirac equation (14. 6[) . In particular, we note that P-ctf — 0, P+Pt = an d that certain sign changes 
occur in the expressions for a'^ , 0^ . It is these properties under the radial projectors that allow us to have non-trivial 
boundary conditions for fermions in this odd dimensional theory, even though 7^+1 is proportional to the identity. 
We see that we can consistently relate of to ftf and aJf to 0f , since they are the same "type" of spinor. Solutions 
to the Majorana Killing spinor equation have leading terms as fl — > given by 

m = a^ 1 ' 2 + + ... (4.13) 

where 

P-a\ = , P+ffi = 0, P+al = , P_/3| = . (4.14) 

Inserting the asymptotic expansions of (j) 1 ,tpi, r\i into the supersymmetry transformations and matching terms order 
by order in Q we obtain the action of supersymmetry on the boundary fields: 

S nZl = ia f > 1 af (4.15) 

S n z 2 = -^ 2 at + ^-^ 2 h ab %V b ai (4.16) 

6 v z 3 = -mn 2 f3f (4.17) 

5 v z 4 = + —l—^ 1 h ab j a V b 0t (4-18) 

2 1 + 2to 

6 v z{ = ~i^ 2 at (4.19) 

6 V 4 = - l -^ 1 at--A-^ 1 h ab %V b ai (4.20) 
2 1 — 2m 

5 v z\ = -i^ X 0t (4.21) 

Vl = -\^ 2 pi + Y^^ 2 h ab laV b pi (4.22) 

6 v af = 2 (m - ^) z x 0\ + 2(1 - 2m)z 2 a\ + 2h ab ^ a W b z 1 a n 1 (4.23) 

S v af = 2 (m - ^ z\ffi - 2(1 - 2m)z\a\ - 2h ab %V \z\ot\ (4.24) 

S n 0t = -2 ( m +f) z 3 02+ 2(1 + 2m)zial-2h ab %V b z 3 c4 (4.25) 

= 2 (m + z|/3? + 2(1 + 2m)z\a n 2 - 2h ab j a \7 b zla v 1 , (4.26) 

where we have defined the complex boundary scalars 

(4.27) 
(4.28) 
(4.29) 
(4.30) 

We now consider a subspace of the set of Killing spinors 77 associated with some choice of Poincare coordinates 

ds 2 = — (-dt 2 + dz 2 + dx\ + dx\ + dxf) , z > . (4.31) 



Zl = 


\(*x- 


1- ia 2 ) , 


Zj — 


1, 

2 K 


- ia 2 ) 


Z2 = 
Z3 = 


>sH 
1, 

2(«3 " 


- i/3 4 ) , 
h ia 4 ) , 


z 2 — 
z 3 


2 (a3 


-*&) 

— ia^) 


z 4 = 




- *&) , 


z f - 

z 4 — 


2^ 


- ift) ■ 
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Solutions to the conformal Killing spinor equation are then r]i = fi 1 ^ 2 £i, where e, are constant spinors satisfying 
P_ £l = 0, P+e 2 = 0. 

The 4-component bulk spinors af,/3f,Ei satisfy projection conditions defined by P±. As a result, they define 
2-component spinors living on the boundary R 4 . To make this explicit, let the index j run over t, x and take the 
four-dimensional Dirac matrices to be 

7 5 = (7 6 ,7^)=f % ~f) , (4.32) 

where we have defined cr 3 = (I2, (?) and a- 7 = (I2, — <?)• Now, the radial projectors are P± = i(l± 7 Z ) and it is natural 

to choose j z = 7 4 . Note however, that 7 4 = i7°7 1 7 2 7 3 which serves as the "boundary 75." So, the radial projectors 
match onto chiral projectors on the boundary, and then a four-component bulk spinor in five dimensions that has 
been acted on with P± gets mapped to a two-component left or right-handed Weyl spinor in four dimensions. In 
particular, we have 




(4.33) 



£1 = 







), .»- 





(4.34) 



Our conventions for two-component spinors are the same as in the previous section. We have further introduced 
conjugate spinors and dotted spinor indices, (xkY = x\- Dotted indices are raised and lowered by contracting with 

1 = — q 2 - We also note the index placement a? = a 3 ■ and a* — cr? . The 



calculations below use the identity ip'a J x = ~X^4 I ■ 

In this notation, the Poincare supersymmetries defined by rji — fi _1 / 2 £j may be written 

S £ Zi = ea 

(1 — 2m)5 e Z2 = e'a-'dja 

5 £ a — — 2i(l — 2m)z2£ — Ho 3 d-jZ^ 

5 e z\ = is (3 

(l + 2m)S s z\ = i : rr-'i) r i 

6 e f3 = 2(1 + 2m) z\e - 2a j d- jZ \^ . 



(4.35) 
(4.36) 
(4.37) 
(4.38) 
(4.39) 
(4.40) 



The transformations of the complex conjugate fields may be obtained by taking the complex conjugate of the above 
relations. 

Under (|4.35[) - (|4.40p , boundary fields mix only within each of the disjoint sets (zi, 22, a), {z\, z\, (3). We may therefore 
construct useful boundary supcrficlds from each set separately, 



$ x = zi + 6a - i(l - 2m)9ez 2 $2 = z\ + i0(3 + i(l + 2m)B9z\ 



(4.41) 



Taking the conformal dimension of 9 to be —1/2, we note that the superfield $1.2 has conformal dimension | =p m. 
One may now check that (|4.35H4.4T)]) can be written as a superspace covariant derivative acting on superfields, 



^ = ( £ K ^r - 2iBa 3 e ] d-A $ . 
V d6 K V 

Similarly one can define the conjugate supcrficlds 

$1 = z\ + 0W + i(i _ 2m)0 t t 4, $| = z 3 - i0t/3t _ i(i + 2m)0t0U 4 , 
and 5 £ & = (4gfr - -'< rGJ $t • 
Finally, using the above relations the total flux can be expressed as 



T = 



(4.42) 



(4.43) 



(4.44) 
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It is now clear that for any function W, the boundary condition 

conserves the inner product and is invariant under the Poincare supersymmetries. 
In terms of the original component fields we have 

z 1 = iW'(4), {l-2m)z 2 = -i{l + 2m)W'\zl)z\ + ^W'''{zlj^ 1 l3i, af = - iW"(4)$ • ( 4 - 46 ) 

For general W these boundary conditions break the conformal (and thus superconformal) symmetry; however, for the 
special choice 

W(<P 2 ) = 3/2 3 + m q ($ 2 )W^ (4.47) 

the full 0(4, 2) symmetry is preserved and so is the full supersymmetry defined by (|4.15H4.25)l for the arbitrary Killing 
spinors rji. I.e., superconformal symmetry is preserved on the boundary. 

As a simple example, consider the linear boundary condition $i = ig$2- In terms of the component boundary 
fields this is 

1 + 2m 1 + 2m 

a x = qa 4 , a 2 = qa 3 , /3 4 = -q — A , /3 3 = -q — /3 2 (4.48) 

1 — 2m 1 — 2m 



af = -iq0*, at = -iq0f. (4.49) 

Note that these boundary conditions relate the two scalar fields to each other (ai 2 to 03,4), (Pi,2 to ^3,4) . As in 
the AdS 4 theory treated above, boundary conditions relating aj to f3j cannot be supersymmetrized to respect the 
Poincare supersymmetry on the boundary. 



V. M = (1, 0) SUPERSYMMETRY IN d = 3 

In 2 + 1 dimensions, the AdS supergroup has the factored form Gi x Gr, and so AdS3 supergravity theories can be 
labeled as having M = (p, q) supersymmetry [33j |. In such theories, a Majorana (real) spinor has one degree of freedom 
on-shell, and so should correspond via supersymmetry to one real scalar. As noted above however, in odd dimensions 
there does not seem to be a Lorentz invariant way of imposing generalized boundary conditions on a single fermion 
without introducing derivatives. So let us begin with a theory containing two copies of a scalar multiplet. This theory 
in fact has M — (2,0) supersymmetry, but we will only find interesting boundary conditions that preserve a (1,0) 
subalgebra. The theory [U H^, [3(| consists of two scalars 4>i = {(j)\,4>2) and two Majorana fermions %j) A = (■0 1 ,-0 2 ) 
with Lagrangian (|2.ip , where = m t j >1 = m^ 2 and m = m^ ± — m^ 2 . To match the usual normalization of the 
action for Majorana fermions we define ip A = \J~2^) A and work exclusively with this rescaled spinor. The fermions 
4> A obey the Majorana condition if) = ip T C, where C — iu 2 is the charge conjugation matrix. With the real gamma 
matrix representation 7° — (ia , a , cr 3 ), the Majorana condition amounts to the reality condition tp = ip* . Other 
conventions for 2-componcnt spinors are the same as given above. 

For 

m^ = m 2 +m-^, (5.1) 
the action is invariant under the Af — (2, 0) supersymmetry transformations 



6 n ip = — -= 



7 a Va0 4 r 4 77 +[m-~] faT^ 



(5.3) 



Here we have suppressed the spinor labels A,B,... = 1,2 and the matrices T AB are Ti = a x ,T2 = cr 3 . The 
supersymmetry-generating parameters r] A are Majorana Killing spinors satisfying 

VaV A + \lafl A - . (5.4) 
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As in the higher dimensional cases treated above, massless fermions correspond to conformally coupled scalar fields, 
771^ = —3/4, and the scalars always satisfy the BF bound, > m 2 BF = — 1. The BF bound is saturated at to = —1/2, 
and m| reaches m 2 BF + 1 at ro = 1/2. We once again restrict attention to the range —1/2 < to < 1/2. The theory 
studied in '34] is a limiting case of the theory in (35|, corresponding to choosing to = 1/2. 

Solutions to the Killing spinor equation have leading terms as il — > given by 



V A = ^n- 1 / 2 + i^r» 1 /2 



(5.5) 



where 77+ = P±U A and U A is a constant spinor. We expect that valid boundary conditions will relate to ad and 
/Jj, to P^, since these spinors exhibit the same properties under the radial projectors. 

Inserting the asymptotic expansions of fa , i\> A , r\ A into the supersymmetry transformations and matching terms 
order by order in 17 gives the action of supersymmetry on our boundary fields [36| : 



8 n ati = —j= 77+ TiCXip 



2V2 



1 + 2to ^2 



8^4 = - — 



to - - ) a i T l r]- + h a %\7 b a i T l ri + 



S v P4 



V2 



(1 + 2TO)/3 l r l 7 7+ . 



(5.6) 
(5.7) 
(5.8) 
(5.9) 



Here we shall only attempt to preserve the (1,0) supersymmetry transformations 6 given by setting 7/ 1 = 0,i] 2 = 77. 
We then have 



5 v ai 
S v a 2 



V2 



77+0^ 



V2 



2V2 



V- $4 



1 



— «2 1 i 

V-P4 ~ 



1 



2y/2 
1 

1 

--J= (1 + 2777)^77+ 

-^=(1 + 2to)/3 2 77 + . 



1 + 2777 ^/2 



in - ^ I a iV- + h a 7aV fc Q;i77 + 



"' - 2 ) a 2?7- + h ab %V b a 2 7] + 



(5.10) 
(5.11) 
(5.12) 
(5.13) 
(5.14) 
(5.15) 
(5.16) 
(5.17) 



We now consider a subspace of the set of Killing spinors 77 associated with some choice of Poincare coordinates 



ds 2 



1 



(~dt 2 + dz 2 + dxf) , z > . 



(5.18) 



Solutions to the Killing spinor equation are then 77 = Q 1 / 2 e+, where e+ is a constant spinor satisfying P_e_|_ = 0. 



The full (2,0) transformations can be preserved with Dirichlet or Neumann type boundary conditions 3g|; whether this can be done 
with more general boundary conditions as well is a matter for further investigation. It is not immediately obvious how to do so, since 
the (2,0) boundary supersymmetry multiplets are (cti,a A ), (0i,f3 A ), and thus the natural boundary conditions for the spinors would 
lead to relating fields in the same multiplet. 



14 



Let the index /j, run over t,x% and take the two-dimensional Dirac matrices to be 7 M = (7°,7 1 ) = (ia 2 ,^ 1 ). Now, 
the radial projectors are P± = |(1 ± 7^) and it is natural to choose 7 Z = 7 2 . Note however, that = 7°7 1 = a 3 , 
which serves as the "boundary 75." So, the radial projectors match onto chiral projectors on the boundary, and then 
a three-dimensional bulk spinor that has been acted on with P± gets mapped to a Weyl spinor in two dimensions. 
Note that for any two-component spinors x± = P±Xi V"± = P±ipi we have X±4'± = 0. 

Under (|5.10|> - (|5.1T[> . boundary fields mix only within each of the disjoint sets {a\,a\), (a 2 ,c^), (/3i,/3i), and 
(/?2 This suggests that we define the scalar boundary superfields 



$1 = ai 



$2 = oi 2 — 9 + a 



and the spinor boundary superfields 

*1 = $1 - i(l + 2m)e+p 2 , * 2 = Pi + i(l + 2m)0+/?l 



(5.19) 



(5.20) 



We again take to have conformal dimension —1/2 so that the scalar superfields both have conformal dimension 
i — m, while the spinor superfields both have conformal dimension 1 + m. One may now check that (|5.10H5.1"7|) (with 
rj- — > 0, 77+ — > £+) can be written as a superspace covariant derivative acting on superfields, 



1 



d 



Using relations (|5.19[) and (|5.20[) . the total flux can be expressed as 



(i 2 ^ / d9+ (<5 1 $i5 2 *2 - <5i$ 2 <5 2 *i) 



J" = 

It is now clear that for any function /, the boundary condition 

*1 = /($2), *1 = 



Si 



S&2 



* 5 



(5.21) 



(5.22) 



(5.23) 



conserves the inner product and is invariant under the Poincare supersymmetries. These boundary conditions may be 
summarized through the spinor potential W — f(^ 2 )^ 2 , in terms of which the deformation of any dual CFT action 
is -ifd 2 SfdO + W. 

In terms of the component fields we have 



Oil 

(1 + 2m)/? 2 
01 



/(«a) _ 
-(l + 2m)f(a 2 )f3i + if"(a 2 )l3lal 
-f'(a 2 )a 2 b 
f'MPl- 



(5.24) 
(5.25) 
(5.26) 
(5.27) 



For general W, these boundary conditions break the conformal (and thus superconformal) symmetry. However, for 
the special choice of linear boundary conditions $1 = q$> 2 , "fi = q^> 2 , that is, 



(5.28) 

for the arbitrary Killing 



a x = qa 2 , (3 2 = -qfa , a\ = -qafy , f3 2 = q{3\ , 

the full AdS symmetry is preserved and so is the full supersymmetry defined by ([57 
spinors 77. For this case, W has conformal dimension 3/2 and provides a marginal deformation of the dual CFT. The 
result that the linear boundary conditions preserve superconformal symmetry for any \m\ < 1/2 is associated with 
the two scalars always having equal masses; in the d = 4, 5 cases considered above, the scalars masses coincide only 
when m = 0. 

Alternatively, one can define two scalar superfields 



Hi = ai + 9+a), + i9_f3? p + (1 + 2m)6L0+/3 2 , E 2 = a 2 - 9+u\ + - (1 + 2m)0_0 + /3i 



(5.29) 



of conformal dimension \ — vn (where we take 9- to have conformal dimension — i — 2m) and obtain the supersymmetry 
transformations by acting with the same superspace derivative given in (|5.21[) . In terms of these superfields, the flux 
can be expressed as 



T= J d 2 S 



d9 + d9^ (5i^2^2Hi — <5iHi<5 2 H 2 ) . 



(5.30) 
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d 




# Traces 


3 


any value between — i and i 


2 


4 





2 




±1/3 


3 


5 





2 



TABLE II: Cases with integer number of traces and superconformal symmetry. Note that in d — 4 such cases arise for both 
double-trace deformations (m^ = 0) and triple-trace deformations (m^ = ±1/3). 



The boundary condition Hi = W {^.2) conserves the inner product and, when written out in terms of the component 
fields, gives the same expressions (|5. 24115. 27j) for / = W or W = — i J d6- W . 

If instead we had set ij 1 — ij,r] 2 — 0, we would have obtained a different set of Af = (1,0) supersymmetry 
transformations, which can be obtained from those given above by replacing ad — * aa , ao, — * —ad , 0k — ► 0^ , fl^ — > 
— 0k. Performing a similar analysis in this case leads to the general boundary conditions 

ax=W'{a 2 ), {l + 2m)(3 2 = -{l + 2m)W''{a 2 )l3 1 -iW"'{a 2 )0la\, (5.31) 
al = W"(a 2 )al, 0k. = -W"{a 2 )0i . (5.32) 



VI. DISCUSSION 



Our study began with a general analysis of boundary conditions, consistent with fmiteness and conservation of 
the standard inner product, for Dirac fermions in AdS spacetime (as had been previously done for bosonic fields 
0, [H and for fermions in AdS4 7]). For any real mass and any d > 2, one may choose boundary conditions that 
make our fermions stable at the level of linear perturbations; formally, the condition (m^ ± ^) 2 > is analogous to 
the Breitenlohner-Freedman bound [7| for scalars > — (d — l) 2 /4. For to 2 > 1/4, only the faster falloff mode 
is normalizeable, so boundary conditions must fix the coefficient of the slow falloff mode. For < m 2 ^ < 1/4, 
all modes are normalizeable and more general boundary conditions are allowed. This is directly analogous to the 
situation for scalars, where general boundary conditions are permitted in the range m 2 BF < m 2 ^ < m 2 BF + 1. However, 
for d odd, the only Lorentz-invariant derivative-free boundary conditions for a theory with a single fermion are Oty = 
or /?0 = 0. 

For the examples of supersymmetry studied here, fermion and scalar masses (m^, m^) are related in all dimensions 
by 

ml ± (m) = ml±^-^^, (6.1) 

where we have restored factors of the AdS radius I and the ± denotes the fact that two scalar masses are typically 
allowed for a given fermion mass. This formula also holds in d = 2 [lil ]. Our results for fermion boundary conditions 
at mass typically agree with those for scalars at mass when and satisfy (|6.ip . The one exception 

occurs for = ±1/(2^), which implies to 2 ± = m BF but m 2 ^ = m BF + l/£ 2 . Since the slow fall-off scalar mode is 
normalizeable for ± , but not for m| it is clear that the fermion cannot agree with both scalars. In fact, the slow 
fall-off fermion modes fail to be normalizeable in the standard inner product 7 . Thus, there are no supersymmetric 
multi-trace boundary conditions when the BF bound is saturated. This is consistent with i) the results of [221 ] , which 
found that for a single scalar at the BF bound, the Witten-Nester proof of the positive energy theorem does not apply 
unless one turns off the logarithmic mode and ii ) the results of [33] , which argued (in the context of maximal gauged 
supergravity on AdSs) that turning on the logarithmic branch leads to energies unbounded below. 

We used such results to classify boundary conditions which preserve supersymmetry (either a so-called Poincare 
superalgebra involving half of the supercharges or the full superalgebra) for certain choices of field content. In 
general, linear boundary conditions can preserve only the Poincare subalgebra of supercharges. The same is true of 



7 Though it might be interesting to reexamine this issue using the techniques of [l(J . 
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boundary conditions which would correspond to deformations of a dual field theory involving an integer number of 
traces. Exceptions occur for special values of the fermion masses, and for d — 3 due to the nature of the AdS3 chiral 
supermultiplet. These exceptions are summarized in Table ITT1 For d — 4, m — 0, our results reduce to those of fllj ] 
and yield the boundary conditions of in a suitable limit. 

It may be interesting to perform a similar analysis including the effects of backreaction, to investigate general 
boundary conditions for vector and graviton supermultiplets, or to consider extended supersymmetry. However, of 
most interest would be a comparison with a classification of supersymmetric deformations of a dual field theory. 
We close by discussing the details of 10-dimensional IIB supergravity on AdSs x S 5 , 11-dimensional supergravity on 
AdS4 x S 7 , and 10-dimensional IIA supergravity on AdS4 x CP 3 . We then draw conclusions for the corresponding 
dual theories; i.e., for Af = 4 super Yang-Mills in 3+1 dimensions [l[ and for the theories described in [25l [26j] . 

The case of AdSs x S 5 can be dealt with quickly. From [38[, we see that after Kaluza-Klein reduction on the 
S 5 , all spin 1/2 fields have AdSs masses (in our notation) with magnitude greater or equal to 1/2. There are no 
allowed deformations of boundary conditions for spin-1/2 fields, and thus no supersymmetric deformations of boundary 
conditions of the type discussed here. While we have not studied the spin-3/2 fields, for d = 5 one does not expect 
to be able to deform boundary conditions associated with either vector or tensor fields in a Lorentz-invariant manner 
without introducing ghosts 

[ism. As a result, deformations of the spin-3/2 boundary conditions are unlikely to 
be allowed, and supersymmetric deformations will certainly be forbidden. We conclude that there are no (relevant or 
marginal) multi-trace deformations of the dual Af — 4 super Yang-Mills theory which preserve even Af — 1 Poincare 
supersymmetry on the boundary. 

Let us now consider AdS4 x S 7 and AdS4 x CP 3 . From [3^] and we see that these theories do contain fermions 
with masses \m\ < 1/2. Let us discuss the S 7 case for defmiteness, though the CP 3 case is similar. For AdS4 x S 7 , 
there is a single SO(8) multiplet of spin-1/2 fields in the desired mass range: the 56 s representation of SO(8) with 
mass m = 0. In addition, there are two SO(8) multiplets (35„ and 35 c ) of conformally coupled scalars. Choosing an 
Af = 1 super-Poincare algebra on the boundary, we may assemble from these fields 35 pairs of boundary superfields 
<i>± as described in section ITTT1 Allowed deformations with integer numbers of traces are characterized by polynomials 
in the 35 <I> + . Since each superfield has conformal dimension 1, there are no relevant deformations and the marginal 
deformations are labeled by the ( 3 2 5 ) = 595 quadratic monomials formed from these fields. I.e., there is a 595- 
dimensional manifold of conformal theories connected by double-trace deformations. Since our superfields do not 
form a well-defined SO (8) representation, none of these deformations will preserve SO (8) symmetry (as is expected 
since we singled out an Af — 1 subalgebra of the full supersymmetries) . Analogous reasoning leads to a (somewhat 
smaller) manifold of conformal theories dual to AdS4 x CP 3 . We reached this conclusion ignoring all bulk interactions, 
but from e.g. [2ll [22]] and the fact that the theory has a symmetry that changes the sign of the relevant scalars, one 
can see that including interactions will not change this analysis. The symmetry implies that the potential is even and 
forbids certain logarithms that might otherwise be problematic for = — 2. 

Strictly speaking, the above conclusions hold only at large N and one should ask if our marginal deformations 
might become relevant or irrelevant at finite N. While we cannot rule this out, from the analysis of 4l| it is clear that 
our deformations remain marginal when leading I/TV corrections are included. Indeed, the manifest AdS isometry 
appears to control bulk perturbation theory in Gn to all orders, so that our deformations remain exactly marginal at 
all orders in the 1/N expansion. 
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APPENDIX A: THE DIRAC EQUATION IN ANTI-DE SITTER SPACETIME 

In this appendix, we reduce the Dirac equation in AdS^ to a set of coupled, first order differential equations which 
may then be decoupled and easily solved. The Dirac equation in static, spherically symmetric spacetimes has been 
studied in e.g., H^|, and in particular we now review the results of [24j. 

The metric for AdS,j takes the form 

ds 2 = -h(r)di 2 + h-\r)dr 2 + r 2 d9? d _ 2 , (Al) 
where h(r) = 1 + r 2 . Following [24 ], we define the "Cartesian" coordinates 

x 1 = r cos#i sin#2 . . . x 2 —r sin Q\ sin 82 ... sin 9d-2, a; 6 *" 1 = r cos Qd-2 
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with 



^d-l fry ,k\2 — x k x k 



(A2) 



Then the spatial part of the metric (|A1|) can be written as 



i,j,k,... = 1,2, ...,d- 1, 



which leads us to choose the orthonormal frame 



da;* 



1 - 



-A 



a: dx J ' 



(A3) 



(A4) 



As noted in [43|, for static, spherically symmetric spacetimes the connection term 7°r a that appears in the Dirac 
equation can be computed from the simple formula 



7 a r a 



i 



where g = det g a b- Using this result, the Dirac equation can be written as 



Vh r z 



1 



1 



d-2 



rh! 
~4h 



tp + 7 fc <9fc?/> — rmp = . 



(A5) 



(A6) 



The next step is to define the "angular momentum" operator Ly = —i {x l dj — x^ dt) and the Lorentz generator 
S l i = |7^7 ,? ^ Then, one can show that 



which, upon rescaling tp = r ~h~itp allows (|A6|) to be rewritten as 



j d t tp T x k j 



Vhut (d-2 



- iS ij Lij ] tp + -ss^^sPdd - mVhtP = . 



(A7) 



(A8) 



Let us first suppose that d = 2n is even. Then we choose an explicit gamma matrix representation 

fc = l,2,...,2n-l, (A9) 



7 



-il 2n -i 

i/jjn-l 



7 = 



-ir k 

iT k 



where r k are 2™ 1 x 2™ 1 matrices satisfying {t 1 ,t j } = 2<5 U and /„ is the nx n identity matrix. In four dimensions, 
the T k are just the standard Pauli matrices 



V 
,1 0, 



-i 
J o , 



1 
,0 -1, 



(A10) 



In higher dimensions, the r k can be constructed from tensor products of Pauli matrices (see e.g. [Hj]), though we will 
not need the explicit expressions here. To proceed further, we separate variables by making an ansatz for solutions of 
the Dirac equation 



iG±(r)(y±(0O 



where are 2™ ^component spinor spherical harmonics [44j . These spinors satisfy 



KSg=±(l + n-l)&£, for K 



(All) 



(A12) 



Here I = 0, 1, 2, . . . is the orbital angular momentum quantum number. In d = 4, the operator K takes the familiar 
form (1 + a - L), with L — —irx d the usual angular momentum operator. In addition, the spinor harmonics have the 
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property \x^r^ 'W^ = and the spinors , ± are parity eigenstates, i.e. under parity ip^ — > ±(— l) 1 ^. Substituting 
(|A11[) into (|A8[) . we obtain the coupled differential equations 

h^ = -uG ± T—F ± -mVhG ± , h^- = W F± ± ^G± - mVfcF± , (A13) 
dr r dr r 

where fe = I + n — 1. 

Now consider odd spacetime dimension d = 2n— 1. We choose the gamma matrix representation 7 = — ir 2 ™ -1 , 7* = 
— iT 2n ~ 1 T fe , fc = 1, . . . , 2n — 2 where the r fe are the same matrices referred to above for the d — 2n case. We make the 
ansatz 

= + F+9£ tl ), r = (iG-&« t2 + F~&+ 2 ) (A14) 

where (p — 1, 2) are 2™~ ^component spinor spherical harmonics [3] satisfying 

K9t v - ~ ^ Lij ) 0* = ±(l + W± , (A15) 



k, p - y 2 2 13 J K * 2 J K 'P 

\x\*W± p = &l v , and 7 V± p = ±i(-l)* . (A16) 

Under parity, we again have tp - * ±(— 1)V • Using these relations in (|A8j) . we obtain the coupled differential 
equations 

h^ = -uG ± T —F ± -mVhG ± , h^- = uF* ± ^G± - mVhF ± , (A17) 
ar r dr r 

where fc = I + (2n — 3)/2. We observe that these equations take exactly the same form as in the even dimensional 
case. 

To summarize, for any d > 2 we have reduced the Dirac equation to a system of coupled ODEs 

dpi 

=F k esc r^,F ± — msec r^G ± = luG ± (A18) 



dr„ 
dG ± 



=F fecscrvG* +msecr*F ± = wi*^ , (A19) 



where k — l + (d—2)/2 and we have defined a new radial coordinate r* = tan -1 r whose range is [0, ir/2). In particular, 
the pair F + ,G + are coupled together, as are the pair F~,G~, but there is no mixing between the two pairs. To 
solve these equations, we must first decouple them with a clever trick, following [42]. One first expresses the system 
in matrix form 

/ F ± \ / F ± \ / msecr* -4-±fecscr*\ 

H±[*)=u[*), where H ± = * *« A20 

(cos — - sin \ 
2 2 and performs the rotation 

sin T " C0S T/ 

I ^ ± I = U I 1 . The rotated system then satisfies 

*(S)-H)(S)- 

f mTk --4-+W±\ 
where _H± = I , , W± = to tan r* ± fc cot r* . Acting again with iJ± , we have 



v dr* 



+ W± -{m^k) 



■^ + {wl-^ + ( m Tkr)F±\ ( 1\ 2 (f± 



^ + (wi + ^t + (™Tkr)G±j v w v [&) ' (A22) 
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Next, let us change radial coordinates again to x = tt/2 — r*. Then x has range (0, tt/2], with the conformal boundary 
corresponding to x — 0. Thus, we obtain the decoupled second order differential equations 

d 2p± /j, 2 -l/4 2 _i/4\ 

+ t„2 J. ) F = Q F ( A23 ) 
-2A± 



g?x 2 ' \_ sin 2 x cos 2 x 

d 2 ^ , ^-1/4 , 4-1/4 
efo 2 



. 2 
sin a; 



G = uTG* (A24) 



where we have defined w — uj — 1/2, v± — j — m(m ± 1), and cr 2 , — | = fe(fe ± 1). Solutions to these differential 
equations are discussed in appendix [B] 



APPENDIX B: NORMALIZEABLE MODES FOR DIRAC FERMIONS 

We now analyze normalizeability for massive Dirac fermions using the standard inner product 

0S(M, <W) = % J d d - x x^mt a p7 a (J 2 ^ - J^^Siij) (Bl) 

between linearized solutions. Here £ is a hypersurface defined by t — constant with unit normal t a and is the 
determinant of the induced metric on £. We will rely heavily on the treatment of the AdSd Dirac equation in (24| 
(see the summary in appendix [A"|l . and in particular on equations (|A23[) . (j A24|) . 

Assuming that v± , a± > (and for now m > 0) , we have i/_ = | m — j | , v+ = m + 5 , while er_ = | Z + ^^y^ | , o+ = 
Z + . Inserting the ansatz (|A11|) or (|A14[) into (|B1[) and assuming that the spinor spherical harmonics are properly 
normalized yields 

cts^iVA^) = -i dx ((5 1 G ± )*5 2 G ± + (S 1 F ± )*S 2 F ± ) - (S x S 2 ) . (B2) 
Jo 

We see that requiring the inner product to be finite is the same as requiring SF ± ,SG ± to be square integrable on 
L 2 (x £ [0,7r/2]). Since the rotation by U to the new radial functions F^, (x is unitary, this is further equivalent to 
square integrability of SF ± , SG ± . 

It is useful to observe that the equations of motion for fermions (I A23|) , (IA24|) have been put in the same general form 
as that used for scalar, vector, and tensor fields in p|. Hence, we can take advantage of the analysis already performed 
in that reference. For even d, the a± are non-integer, and the general solutions to (|A23[) , (|A24| are hypergeometric 
functions 

F ± = Bf ( S mxy-+ 1 / 2 (co S xy±+ 1 /\F 1 (t»_ !a± X^, <7± ,l + <T±,co S 2 x) 

+ Bf (sin x) v ~ + 1 ' 2 (cos x)~^ +1 ' 2 2 F X (£ ,_ CT± , C_% ± , 1 - *±, cos 2 x) (B3) 

G ± = Cf (sinx)^+V 2 (cosx)^+V2 2 ^ l( Q^ 7C+ ^ ;1 + (7T;COS 2 x) 

+ G 2 ± (sinx)^ +1 / 2 (cosx)^+^ 2 2 F 1 (C +i _ ffT ,C + % T ,l-^ I cos 2 a ;) (B4) 

where C 1<T = . Near the origin, x ~ tt/2, we have F ± = Bf (cos x)- a±+1 l 2 +...,&* = Cf (cos x)~ a ^ +1 / 2 + 

. . .. Thus F , G are not square integrable near the origin if a± > 1. This inequality is always satisfied for even d, 
except for the cases d = 2 (<r± = 1/2) and d = 4, Z = (er_ = 1/2). 

For odd d, the cr± are integers, and the second linearly independent solution to F ± ,G ± is modified (see 
Q). For g± y 0, the solutions behave near the origin as F^ 1 cx Bf (cos izi) _<t±+1 / 2 ((cos a;) _2CT± + ...), G* cx 
G 2 t (cosx) _<TT+1 / 2 ((cos.T) _2<T: f + ...). Here o± > 1, and so F ± 1 G ± are not square integrable near the ori- 
gin. When d = 3, Z = we have er_ = and near the origin F~ = Bf^osx) 1 ^ 2 log(cos 2 x) + . . ., G + = 
G^cosa:) 1 / 2 log(cos 2 a;) + These solutions are square integrable near x ~ 7r/2. 

We have seen that square integrability requires Bf = = Cf, except in the cases tr± = 0,1/2. However, as 
explained in Q, the solutions in these special cases are actually not acceptable, as they correspond to solutions of an 
equation with a (5-function source. This is a result of having removed the origin when we chose spherical coordinates. 
So, in all cases we set Bf = = Cf . We also note here that the constants Bf, Cf (£?f , Gf ) are not independent 
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because the functions F + ,G + (F ,G ) are coupled through the first order differential equation (|A21[) [42| . In fact, 
one can obtain the consistency conditions 

C+ 2(2/ + d - I) B- 2(2f + d- 1) 

Bf ~ 21 + d - 2 - 2m - 2Q ' Cf ~~ 2/ + <2 - 2 + 2m - 2u> ' ^ ' 



Now consider the behavior near infinity, x — > 0. For this, it is best to write the hypergeometric functions as functions 

e 

r(i + cT ± )i>_) 



of sin 2 x. For example, when v± ^ 0, 1, 2, . . ., we have 



F ± = Bf {cosxY ±+1/2 {smx)~ u - +1 / 2 



r(e_, CT± )r(c,-^ ± ) 



i F i{C v _, a +,C,-"_,<r + , 1 ~ f-,sin x) 



n:l+(T±)r( ^ (sin^-^^^.C^.l + ^-.sin^) 



r(C^_, CT+ )r(C" ) 



(B6) 



with the corresponding expression for G given by exchanging v_ — > ^+ , o± — > er T . The transformations of the 
hypergeometric functions for the remaining cases of integer v± are given in [8( . Near the boundary, the leading terms 
in all cases are 

p± ^ ± r(l + <r ± )I>_) isinx) -,_ + y2 (B?) 

g± ~ c* r(i + q T )rK) (sina;) -, ++ i /2 (B8) 
1 r(C? + , CTT )r(C7 + %) 

We examine the mass ranges with distinct behavior in turn. 

m > 3/2 : This corresponds to v_ > l,v+ > 2. Then F + is not square integrable unless r(£"_ ) or r(£r^ ) 
diverges, i.e. 

w = T(2n + 1 + z/_ + cr+) , n= 0,1,2,.... (B9) 

Since F + , G + were coupled in the original Dirac equation, this also fixes u> in the G + solution. Then T(£~' (T _ ) = r(— n) 
diverges, and so this ensures that G + is also square integrable. Similarly, F~ is not square integrable unless ) 
or r(^ J 7^ CT _) diverges, i.e. 

u' = =F(2n' + 1 + v_ + a-) , n' = l,2,.... (BfO) 

(Here we have been careful to note that one could choose independent frequencies u> and u>' for the ip + and ip~ 
solutions.) Since F~,G~ were coupled in the original Dirac equation, this also fixes u) 1 in the G~ solution. Then 
r(C^ J CT+ ) = r(— n' + 1) diverges, and so this ensures that G~ is also square integrable. 

1/2 < m < 3/2 : This corresponds to < V- < 1, 1 < v+ < 2. Then, F + is square integrable for all w, but we still 
must fix 

£ = T (2n+I + z/ + +cr_), n = } l,2,... (Bll) 

to ensure that G + is square integrable. Similarly, F~ is square integrable for all Q', but we still must fix 

u>' = T{2n' + 1 + v+ + <t+) , n' = 0,1,2,... (B12) 

to ensure that G~ is square integrable. 

< m < 1/2 : This corresponds to < f- < 1/2, 1/2 < i/+ < 1. In this case, F , G ± are square integrable for all 

C 

We have thus found that for m > 1/2, requiring the inner product to be finite imposes a unique boundary condition. 
In terms of the original spinor fields ip, we note (using (|A11[) ) that near infinity 

^ ~ f^J e-^^sinx)^^ + f J e-^^sinx)^^ , d even (B13) 
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and similarly for d odd. Expanding F^, G ± for x — > and using the frequency quantization conditions above, we find 
that asymptotically 



ip ~ /3(sinx)~ 



^(sinx) 2 



+m 



(B14) 



where the coefficient (3 is a spinor depending on time and angles on the S 2 , but not on x. 

For < m < 1/2, there will be a choice of boundary conditions at infinity. Note that, unlike the scalar case, this 
mass range does not depend on d. Using (IB13|) and expanding F^, G ± for x — > 0, we find that near infinity 



4> ~ a{s\nx)^- m + (3(smx)^- +m + O ((sinx)^ - " 1 ) 



(B15) 



where the coefficients a, j3 are spinors depending only on time and angles on the S d 2 . Using the properties of the 
spinor spherical harmonics under the action of the radial gamma matrix x k j k (see appendix [XJ, one can verify that 
P_a = 0, P+/3 = where we have defined the radial gamma matrix projectors P± = | ( 1 ± jx k ^)^j . 

One may also work out the sub-leading terms which will be needed for the study of supersymmetry in the main 
text. The important step is to rewrite the Dirac equation in terms of the unphysical metric g a t: 



7 a V a ^ — mi(j = fl^ a V a ip — - — - n a 7 a ip — mip = . 



(B16) 



If we now insert the expansion (|2.7|) into the above equation and collect terms we find 

= - m(l + n Q 7 a )af7 i ^- L - m -m(l-n a 7 a )/3fi^ +m 
+ 7 a V a a- (m + (m- l)fi a ^ a ) a' 

+ [7 a Va/3-(m-(TO+lK7 a )/3' Q,^ +m + 0{pT 



d+1 



|m| 



(B17) 



Setting each term to zero leads to the relations (|2.8[) . (|2.9p stated in section [TT1 

We conclude this appendix with a discussion of the relation to Q. As noted in section |TT1 an alternative method of 
analyzing allowed boundary conditions is to consider self-adjoint extensions of an appropriate spatial wave operator. 
In 0|, this analysis is performed for massive scalars and massless vectors and tensors and it is shown that all such 
cases reduce to studying the operator 



.4 



dx 2 



1/4 



1/4 



sin 2 x 



(B18) 



on the Hilbert space £ 2 ([0, 7r/2], dx). The results are determined by v 2 . If v 2 < 0, then A is unbounded below 
and so does not admit a positive extension; this is the case for scalars with to 2 < m 2 BF . If v 2 > 0, A is a positive 
operator (and therefore there exists at least one positive self-adjoint extension). For v 2 > 1 there is a unique self- 
adjoint extension that is automatically positive and so a unique linear boundary condition at infinity. However, for 



< v 2 < 1 (e. ; 



b BF 



< to? < m BF + 1 for scalars) there is a family of such extensions corresponding to a choice of 



boundary conditions. Wald and Ishibashi proceed to determine all possible linear boundary conditions corresponding 
to positive self-adjoint extensions. 

Since the same wave operator (|B18|) appears in (|A23|) . (j A24[) and the inner product (|B2[) is the same as above, we 
can apply the analysis of Q directly to any massive Dirac fermion: The wave operators are symmetric on the domain 
of smooth functions of compact support away from the origin, C§°(0, n/2), and are positive for v\ > 0, which implies 
that they admit at least one positive self-adjoint extension. In terms of the mass m, this condition is equivalent to 



to ± — 
2 



> 



> 0. 



(B19) 



For v\ < 0, the operators are unbounded below and therefore do not admit a positive self-adjoint extension. The 
inequality (|B19|) is the analogue of the Breitenlohner-Freedman bound for stability, though of course it is trivially 
satisfied for real to. The case to 2 = 1/4 is analogous to saturating the BF bound. For to > 1/2, the wave operators 
have a unique, positive self-adjoint extension and so there is a unique linear boundary condition at infinity. For 
< m < 1/2, there is a family of self-adjoint extensions, and a choice of boundary conditions at infinity. One could 
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also follow the von Neumann prescription as in [8| to classify positive self-adjoint extensions and the corresponding 
boundary conditions. 
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